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Abstract. The most common method of measuring the chromaticitiesco€alar machine is
to measurghe betatron tune as a function of the beanergy and then to calculate the
chromaticity from the resultingradient. Even as aimple differencemethod between two
machine energies this technique does not allow instantaneous measurements, fordnstence
energyramping or betasqueezing. In preparation fohe LHC, anew approachhas been
developedwhich uses theenergy spread inthe beams for chromaticity measurements.
Transverse oscillations are excited with a single kick and the chromaticity is calculated from the
phase difference of the individually sampled head and tail motions of a single bunchthising
method the chromaticitgan be calculatedsing thedatafrom only one synchrotroperiod
(about 15-50 msec in thease ofthe LHC). This paper describeshe theorybehind this
technique, two different experimental set-ups, and the results of measurementaariethe
SPS.

INTRODUCTION

The tight tolerances on beam parameterguired for successful LH®peration
implies a good knowledge @ie chromaticitythroughoutthe rampingcycle. However,
many of the methods currentlsed tomeasure chromaticity in circular machines (see
(1) andreferences therein) are likely to be incompatiigh LHC high intensity
running. For exampleghe most commommethod, of measurinthe betatron tune as a
function of beamenergy, might be difficult to implementiue to the tight tolerances
imposed on the betatron turkself. Chromaticity canalso be calculatedfrom the
amplitude of thesynchrotron sidebands observedhe transverse frequency spectrum.
However,this methodsuffers from resonariiehaviour not linked to chromaticity, and
the fact that the lowsynchrotrontune of theLHC would make it difficult todistinguish
these sidebands frothe main betatron tungeak.The width of the betatron tune peak
itself, or the phase response dhe beamtransfer function, als@ive a measure of
chromaticity, but require a knowledge bbw the momentumspread inthe beam
changes with energy.

In this paper we describe a method that allows the chromaticity ¢al@gatedirom
the turn-by-turn positiordata of asingle bunch over one synchrotrperiod, after the



application of a transverse kick. It will be shown that the chromaticity can be obtained by
determining the evolution of thghase difference betwedwo longitudinal positions

within the bunch. This techniquedoes notrely on an accurat&nowledge of the
fractional part of the betatron tune and, for a machine operating well above transition, the
calculated chromaticity is virtually independent of beam energy.

SINGLE PARTICLE DYNAMICS IN A BUNCHED BEAM

The longitudinal motion of a particle within a bunch can be described in terms of the
synchrotron frequency anthe difference between the particle’s momentum and the
nominal momentum. This can be expressed as

T = T coswt+9) 1)

wheret is the variation with time t of the particle from the bunch ceatgs, the angular
synchrotron frequency argiis the initial longitudinal phase of the particle (Fig. 1).
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FIGURE 1. Longitudinal phase-space.

During this longitudinal motion the particle also undergoes transwessen, which
can be described by the change in the betgthaise 0(t), along thesynchrotron orbit.
The rate of change of this betatron phase is given by

6 = Qw= (Q, + AQ)(a, + Ac) 2)

where Q is the nominairansverse tunéQ is the change in tune duettee momentum

spread,w, is the nominal angular revolution frequency axd is the change in this
frequency due to the momentum spread.



Now A_C() = —n%, & = %, and 1' = —£ = A_ (3)
wo p QO Trev wo
where:
& = relative chromaticity (@Q, where Qis the chromaticity)

1/(y)* - a (wherea = 1/(y,)*is the momentum compaction factor)
revolution period

TreV
HenceAQ = —i—Q;& and Aw = W& | which on substitution into (2) gives

6 = %}0—%Qoi§wo+woi) = Qow()%—%i§1+i) = Q0w0%+f§—%% (3)
¢

Integrating one obtainsd(t) = Quwy(t+T1)-w,T+6, where w, =Quw,~ and is

known as the chromatic frequency. Simde usually much smaller than t, one can write:
6(t) = Quuot — w,T cos{wt + ) +6, (4)

where, is the initial betatron phase of the particle.

If we assumehat the displacememlue to the kick is much larger than the betatron
oscillations performed by the particles in the unpertultagtch,then the initial betatron
phase can be set such that all the particles have theirsaahgosition inthe transverse

plane; i.e. att = 0 a particle with a longitudinal position described, @nd®, will have
an initial betatron phase given by

6, = W cos(q) ®)
Hence the position of a particle in the bunghatany time t is given by

yi(t) = Acos(@(1)) (6)

where A is the maximum amplitude of the betatron motion.

Extracting the Chromaticity by Considering
Head-Tail Evolution

Consider a system whethe particles are distributed along a singlechrotron
orbit, and where theatrticle position is measured as a functiontiofe at the tail of the

bunch (point T in Fig. 1). The initial synchrotron phageof the particle athe tail after
a giventime t isgiven by @ = -wt, and therefore theorrespondinginitial betatron



phase, §,),, can be written af,); =0 T, cog~w.t) . Hence tharansverseamplitude
at the tail evolves as

yT (t) ACOS(QOth - w{fT COS(O)St + (p) + w{fT COS(_(L)St))

Acos(Quut + w, T (cos(-w,t) — 1)) (7)

Measurements are carried dutn by turn, which corresponds ttime steps of
t = 2m/w,, where n is the turn number. Hence the signtieatail of thebunch for a
given turn, n, can be written as

y,(n) = Acos(Zon + w{fT(cos(Zsz) - 1)) (8)

where Q is thesynchrotron tune, withw, = Qu,. A similar expressioncan also be
derived for the head of the bunch

yu(n) = Acos(Zan0 -, (cos(Zsz) —1)) (9)

The phase difference between head #&mtas afunction of turn number is therefore
given by

AY(n) = -, (T, + fT)(cos(Zans) —1) (10)
This equation is a maximum when J¥};, i.e. after half a synchrotron period, giving
APy = =20, (T +T;) == 2w, AT (11)
The chromaticity can therefore be written as

— =N Atl/(n) _n AWMAX
- QwyAt(cos(2mQ.) - 1) o 4= 2Q, w, AT (12)

Since the revolution frequency atatal tune of the machine akemown to ahigh
degree of accuracy, and if one considersaghine operating well aboweansition, the
chromaticity will dependnly onthe maximumphase differencattained between two
regions of the same bunch, separated longitudinally by a known time.

EXPERIMENTAL SET-UP

In order toillustrate the principle othis techniquehead-tailphase measurements
were performed on proton bunches tme SPS. Each acquisition involved the
measurement of 100 to 200 turns of data (aroundSétte synchrotroperiod) after the
application of a singléransverse kick. Aexponential transverse couplras used to
provide the transverse positioiata as dunction of the longitudinaposition within the
bunch. Inthe first experimentshe signalfrom the couplerwas analyzedusing two



sample-and-hold amplifiers. This then provided informationthentransverse position
of two specific locations within thbunch (one positioned netite head of théunch
and the other, near the taillater experiments relied on a digitacilloscope with fast-
frame capabilities, from which a single trace gave transverse position inforfeattbe
whole bunch as a function of longitudinal position.

Head-Tail Phase Measurements using Head and Tail Samplers

The experimentsisingthe head anthil samplers were performed dhe Machine

Development (MD) cycle of the SPS, which provided a single bunchxf@*2protons
at an energy of 26 GeV and with a length of ~3.8 ns.
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FIGURE 2. Sampler acquisition schematic.
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Figure 2 shows achematic of the acquisiti®ystem.The couplersum signal was
used to auto-trigger two Avtech AVS-105 variable gatewidth sample-and-hold
amplifiers. The trigger of one sampleas delayed by ~1 ns with respectttwat of the
other, to allow the transverse bunch position to be samplgedongitudinal positions
separated in time by this delay. Each sampler hgatewidth of ~200 ps and provided
an output pulse of 500 ns duration with an amplitude proportional to the input amplitude.
The output from both samplers was stored on a turn-by-turn basis on two channels of a
Le-Croy 9354, 500 MHz digital oscilloscope.Each acquisition, which consisted of
around 200 turns of information, could then be transferred to a computer for analysis.

Head-Tail Phase Measurements using a Tektronix 784A
Oscilloscope

By using aTektronix 784A digitaloscilloscope, with amnalog bandwidth of
1 GHz and a maximum sampling rate of 4 GS/s, the complete coupler signal of a single
bunch could be reconstructed. Additionally, a fast-frame acquisition setiagt that
the signal could be recorded on consecuBRS machineturns. This removed the
necessity of having individual sample-and-hold amplifiers. Wihging the Tektronix
784A, the turn-by-turn acquisition was triggered directly from the SPS rf system.
Experimentausing thisacquisition system weragain performed on th8PS MD
cycle, thistime with 20 bunches inthe machine, each bunch havingthe same



characteristics as describgateviously. The internal memory of the oscilloscope
provided enough space to record upl&D turns of data, whicbhould be transferred
directly to a computer for further analysis.

RESULTS

The raw data obtainedrom the head-taisamplers givegraphs such as those of
Figure 3(a & b). Here one setd® variation in théransverse position of two segments
of the bunch separated by ~1ns, after applying a kick to the beam.
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FIGURE 3(a). Head sampler signal. FIGURE 3(b). Tail sampler signal.

In order tocalculate thephase relationship betwedhe head andail signals, a
sweepingharmonic analysisvas performed. Thignvolved working outthe phase by
harmonic analysigor eachturn, usingthe current data poirdnd 10 points oreither
side. Since the same calculation was performed on both sigrefs)ase difference for
eachturn could befound by simply subtractinghe individualphases.The results of
such aharmonic analysisweep is shown in Figure 4. Heoee clearlyseesthe de-
phasing and re-phasing thfe two positions withinthe bunch during one synchrotron
period, with the maximum phase difference occurring after half a synchrotron period.

Once thephase difference evolution iknown, it is possible tacalculate the
chromaticity, usingequation(12), on a turn-byturn basis. The result ofsuch a
calculation is shown in Figure 5. Duettee cosingerm in the denominator of Equation
(12) the error in the calculation of the chromaticity is very large at the start and end of the
synchrotron periodwhile it is at a minimum at half theynchrotron period. Irthis
particular case,there was sufficient signal to enable the chromaticity to ¢elculated
againduring the second synchrotron periodhe average value of the chromaticity in
this particularcase,indicated by thalashed horizontdine, wascalculatedfrom the 40
turns around the center of both synchrotron periods.

A typical ‘mountainrange’ display result obtained by capturing the coupler signal
using the Tektronix 784A can be seen in Fighf&). The signalwas sampled at 45s/s
and automatically interpolated to giveutput data points every 20ps. The second,
smaller, out-of-phasescillation seen irthe figure is the reflection of theain signal
from the exponentialcoupler. In order todetermine the chromaticity, we require
knowledge of the phase difference evolution of two separate locations witHaurticé.
Hence, two cuts in the longitudinal plane were performed to obtain the evolution of two
points located to eitheside ofthe bunchcenter(Fig. 6(b)). Byperforming a sweeping
harmonic analysis on thes®o datasets, agpreviously describedhe phase difference
evolution and, hence, the chromaticity could be extracted on a turn-by-turn basis.
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FIGURE 4. Phase difference evolution.
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FIGURE 5. Turn-by-turn chromaticity.

This phase difference evolution for twonsecutive acquisitions is plottedkigure
7. The measurementgere found to be reproducible, withe calculated valuéor the
chromaticity in agreement to within 10%.

Finally, Figure 8 showshe verticalchromaticity,calculated by the head-tghase

difference, as a function adlfie vertical chromaticity machirteéim. The resultsare what
one would expect, with a linear relationship found between the trim and chromaticity.
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FIGURE 6(a). Tektronix 784A output.
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FIGURE 6(b). Extracted head and tail signals.
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CONCLUSION

It has been demonstrated that the chromaticity of a circular machine caltudated
from the evolution of thehase difference betwedme head anthil of a single bunch
after the application of a transverse kick. Using this technique, a measiremticity
can be obtained from a single synchrotron period. The sensitivity betuktail method
relies on the fact that a sufficiently largbase differencean be achieved between the
head andtail signals. Since, for aiven chromaticity, this phase difference is
proportional to the head-taleparationthe sensitivity isultimately governed by the
bunch length. Hence, thtechniqueshould work in protormachines wheréhe bunch
lengths arerelatively large, butmay prove difficult to implement in leptormachines,
where the small bunch lengths imply a very short maximum head-tail separation.

Further studiesire planned to investigate the effect of higbeter fields, such as
octupolarfields, whichwill be of consequenc®r the LHC, and also taletermine the
signal-to-noise ratio required for accurate measurements laiteispoint will ultimately
determine the emittanddow-up caused byepeatedmeasurements, which egain of
great importance for any proton machines.
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